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1. Introduction
One says that a finite Galois extension L/K of number fields with group G has a
normal integral basis (NIB for short) when OL is cyclic over the group ring OK [G]. Here,
OK denotes the ring of integers of K . Let p be an odd prime number. Let K be an
imaginary abelian field with ζp ∈ K×, and K+ the maximal real subfield of K . Here, for
an integer m ≥ 2, ζm denotes a primitive m-th root of unity. It is known that any unramified
cyclic extension L/K of degree p has a NIB when p  hK+ and K is unramified overQ(ζp)
at the primes over p, where hN is the class number of a number field N (see [6, Remark 2]).
No corresponding result seems to be known for an unramified cyclic extension of higher
degree. The purpose of this note is to give two corresponding results for an unramified
cyclic extension of degree p2.
Let p be a fixed odd prime number. Let Fi = Q(ζpi+1) with i = 0, 1, and p =
Gal(F0/Q). We denote by ω the Zp-valued character of p representing the Galois action
on ζp, where Zp is the ring of p-adic integers. Let k be a real quadratic field with k ⊆ F0,
and put Ki = kFi . Let ψ be the nontrivial character of k = Gal(k/Q). We naturally
regard ω and ψ also as characters of the Galois group p,k = Gal(K0/Q) = p × k,
and we denote by ψ∗ = ωψ−1 the dual character of ψ . For a module X over Zp[p] (resp.
Zp[k], Zp[p,k]) and a character ϕ of p (resp. k, p,k), we denote by X(ϕ) the ϕ-
part of X. Namely, X(ϕ) is the maximal submodule of X on which p (resp. k , p,k)
acts via ϕ. For a number field N , let AN be the p-part of the ideal class group of N . The
groups AF1 and AK1 are naturally regarded as modules over Zp[p] andZp[p,k], respec-
tively. Denote by LK1(ψ∗)/K1 the class field corresponding to the class group AK1(ψ∗).
Namely, LK1(ψ∗)/K1 is the unramified abelian extension whose Galois group is isomor-
phic to AK1(ψ∗) via the reciprocity law map.
THEOREM 1. Under the above setting, assume that p remains prime in k and that
p  hk . Then any unramified cyclic extension L/K1 of degree p2 with L ⊆ LK1(ψ∗) has a
NIB.
The following is a consequence of Theorem 1.
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COROLLARY. Let p = 3. Let k = Q(√d) be a real quadratic field with d ≡
−1 mod 3 and 3  hk . Then any unramified cyclic extension L/K1 of degree 9 has a NIB.
REMARK 1. For an unramified cyclic extension L/K1 of degree p, the assertion of
Theorem 1 (or Corollary) does not hold in general. Actually, when p = 3, there are exam-
ples of a real quadratic field k satisfying the assumptions in Corollary for which there exists
an unramified cyclic cubic extension L/K1 without NIB. For instance, the real quadratic
field k = Q(√58856) satisfies these conditions. For this, see [6, Theorem 2(c)] and some
numerical date given in [8, §4.4].
Let hp and h+p be the class numbers of F0 and F+0 , respectively, and let h−p = hp/h+p
be the relative class number. Assume that p is an irregular prime (namely, p divides h−p ).
Then there exists an even integer i0 with 2 ≤ i0 ≤ p − 3 for which the i0-th Bernoulli
number Bi0 is divisible by p. We put j0 = p − i0. Let LF1(ωj0)/F1 be the class field
corresponding to AF1(ωj0).
THEOREM 2. Under the above setting and the assumption, assume further that p 
h+p and i0 ≥ p2/(2p − 1). Then any unramified cyclic extension L/F1 of degree p2 with
L ⊆ LF1(ωj0) has a NIB.
EXAMPLE. Let p = 37, 59, 67, 101, 103. These are the first five irregular prime
numbers. For these p, it is known that p  h+p , and that there is a unique even integer i0
with 2 ≤ i0 ≤ p − 3 and p|Bi0 ; i0 = 32, 44, 58, 68, 24, respectively. Further, there is
a unique unramified cyclic extension L/F1 of degree p2 (with L ⊆ LF1(ωj0)). For these,
see Corollary 10.17 and the table in page 410 of Washington’s textbook [11]. We see that
for the first four primes p, the assumptions in Theorem 2 are satisfied and hence L/F1 has
a NIB. However, for p = 103, the assumption on i0 is not satisfied. At present, the author
has no idea how to show that for p = 103, the extension L/F1 has a NIB or has no NIB.
2. Lemmas
Let p be a fixed odd prime number. We put πpn = ζpn − 1. For a number field K , let
EK = O×K be the group of units of K . By a theorem of Childs [1, Theorem B], it is known
that for a number field K with ζp ∈ K×, a cyclic extension L/K of degree p is unramified
and has a NIB if and only if there exists a unit  of K such that (i) L = K(1/p) and (ii)
the congruence
 ≡ ηp mod (πp)p (1)
is satisfied for some unit η ∈ EK . The result [6, Remark 2] mentioned in Section 1 is
a consequence of [1, Theorem B]. The following generalization of [1, Theorem B] was
shown in [9, Corollary 1].
LEMMA 1. Let K be a number field with ζpn ∈ K×, and L/K a cyclic extension of
degree pn. Then L/K is unramified and has a NIB if and only if there exists a unit  of K
such that (i) L = K(1/pn) and (ii) α = 1/pn satisfies the congruences
α ≡ η mod πpn (2)
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and
pn−1∑
λ=0
δλα
λ ≡ 0 mod pn (3)
for some units η, δλ ∈ EK .
REMARKS 2. (I) When n = 1, the congruences (1) and (2) are equivalent to each
other. Further, the congruence (2) implies (3) with δλ = η−λ.
(II) In [4, Theorem 2.1], Gómez Ayala gave a criterion for a cyclic Kummer exten-
sion of prime degree to have a NIB. In [9, Theorem 2] and Del Corso and Rossi [3, Theorem
1], it was generalized for a cyclic Kummer extension L/K of arbitrary degree. Lemma 1 is
a special case of this generalized one. When the degree [L : K] is not a power of a prime
number, [9, Theorem 2] is incorrect and was corrected by [3, Theorem 1].
(III) Let O′K = OK [1/p] be the ring of p-integers of K . It is known that for a
number field K with ζpn ∈ K×, a cyclic extension L/K of degree pn is unramified outside
p and has a normal basis with respect to O′K if and only if L = K(1/p
n
) for some p-unit
 ∈ O′×K (Greither [5, Proposition 0.6.5]).
For a multiplicative abelian group A, we write A/pn = A/Apn for simplicity. For an
element a ∈ A, [a] denotes the class in A/pn represented by a. Let Bn/Q be the cyclic
extension of degree pn and conductor pn+1. We put k1 = kB1. We regard the groups
Ek1/p
2 and EF1/p2 as modules over Zp[k] and Zp[p], respectively. The following
two lemmas are shown by a standard “Spiegelung argument”.
LEMMA 2. Under the setting and the assumption of Theorem 1, let L/K1 be an
unramified cyclic extension of degree p2 with L ⊆ LK1(ψ∗). Then there exists a unit  of
k1 such that [] ∈ (Ek1/p2)(ψ) and L = K1(1/p2).
LEMMA 3. Under the setting and the assumptions of Theorem 2, let L/F1 be an
unramified cyclic extension of degree p2 with L ⊆ LF1(ωj0). Then there exists a unit  of
F1 such that [] ∈ (EF1/p2)(ωi0) and L = F1(1/p2).
Proof of Lemma 2. Let L′K1(ψ∗)/K1 be the maximal subextension of LK1(ψ∗)/K1
with exponent dividing p2, and let G = Gal(L′K1(ψ∗)/K1). Denote by V the subgroup of
K×1 /p2 such that
L′K1(ψ
∗) = K1(v1/p2
∣∣ [v] ∈ V ) .
As L′K1(ψ
∗) is Galois over Q, we can regard G and V as modules over Zp[p,k], and we
have G = G(ψ∗). Let µp2 be the group of p2-th roots of unity in K1. The Kummer pairing
G × V −→ µp2; (g, [v]) → [g, v] = (v1/p
2
)g−1
is nondegenerate and satisfies the relation
[gρ, vρ ] = [g, v]ρ = [g, v]ω(ρ)
for ρ ∈ p,k . It follows that V = V (ψ) from this relation and G = G(ψ∗). This implies
that V is (naturally regarded as) a submodule of k×1 /p2. For each [v] ∈ V with v ∈ k×1 ,
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we see that vOk1 = Ap2 for some ideal A of k1 since K1(v1/p2)/K1 is unramified and
p  [K1 : k1]. Consider the map f : V → Ak1 sending [v] ∈ V to the ideal class
[A] ∈ Ak1 . The condition p  hk implies that p  hk1 as p remains prime in k (see [11,
Theorem 10.4]). Hence, the homomorphism f is trivial. This implies that
V ⊆ Ek1(k×1 )p
2
/(k×1 )
p2 = Ek1/p2 .
As V = V (ψ), we see that V ⊆ (Ek1/p2)(ψ), from which we immediately obtain Lemma
2. 
Lemma 3 is shown exactly similary.
Let Un be the group of principal units of the completion of Bn at the unique prime
ideal over p.
LEMMA 4. Any element of Un is congruent to a unit of Bn modulo p.
Proof. Though this lemma is known to specialists, we give an outline of a proof as we
could not find an appropriate reference. Let U∞ be the projective limit of Un with respect
to the relative norms Bj+1 → Bj for j ≥ 0, and Vn the image of the projection U∞ → Un.
Denote by En the topological closure of Un ∩ EBn in Un. Using class field theory, we see
that Un = U0Vn with U0 = 1 + pZp and that En ⊆ Vn. (For this, see line 17, page 695 of
Sumida [10].) Let Mn/Bn be the maximal pro-p abelian extension unramified outside p.
We put
B∞ =
⋃
n
Bn and M∞ =
⋃
n
Mn .
We see that Gal(Mn/Bn) ∼= Un/En via the reciprocity law map by [11, Corollary 13.6]
combined with the well known fact
p  hBn (4)
given in [11, Theorem 10.4]. Further, for the intermediate field B∞ of Mn/Bn, Gal(Mn/
B∞) is isomorphic to Vn/En by the above isomorphism. Let An be the p-part of the ideal
class group of Fn = Q(ζpn+1). We can naturally regard An as a module over Zp[p]. For
the ω-part of An, it is known that
An(ω) = {0} (5)
for all n ([11, Theorem 10.16]). Hence, by the duality [11, Proposition 13.32], we see that
M∞ = B∞ and hence Mn = B∞. Therefore, it follows that Vn = En. As Un = U0Vn, we
obtain the assertion. 
Proof of Corollary. We derive Corollary from Theorem 1. Let LK1/K1 be the class
field corresponding to AK1 . It suffices to show that LK1 = LK1(ψ∗). Let χ0 be the trivial
character of p,k. As p = 3, all the characters of p,k are χ0, ω, ψ and ψ∗. We have a
canonical decomposition
AK1 = AK1(χ0) ⊕ AK1(ω) ⊕ AK1(ψ) ⊕ AK1(ψ∗) .
We see that AK1(χ0) = AB1 , AK1(ω) = AF1(ω) and AK1(ψ) = Ak1(ψ). By (4) and (5),
the groups AB1 and AF1(ω) are trivial. As we have seen in the proof of Lemma 2, the class
number hk1 is not divisible by 3, and hence Ak1(ψ) is also trivial. Therefore, we obtain
AK1 = AK1(ψ∗) and hence LK1 = LK1(ψ∗). 
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3. Proof of Theorems
Proof of Theorem 1. Let L/K1 be as in Theorem 1. By Lemma 2, we have L =
K1(1/p
2
) for some unit  of k1 with [] ∈ (Ek1/p2)(ψ). Let σ be the nontrivial element
of Gal(k/Q) = Gal(k1/B1). Then, as [] ∈ (Ek1/p2)(ψ), we may as well assume that
σ = −1. As p remains in k, there exists a unique prime ideal P of K1 over p. We put
℘ = P ∩ k1. We may as well assume that  ≡ 1 mod ℘ by replacing  with p2−1 if
necessary. We see that ℘p = (p) and Pp−1 = ℘, and that both ℘ and P are principal. In
particular,P splits completely in the unramified cyclic extension L/K1. Hence, we see that
 is a p2-th power in the group U of principal units of the completion of k1 at ℘; namely
 = αp2 for some α ∈ U . As α ≡ 1 mod ℘ and ℘p = (p), we see that α satisfies the
congruence (2) with η = 1, and that
p−1∑
j=0
αpj ≡ 0 mod p . (6)
As σ = −1, we have α = β1−σ for some β ∈ U . As p remains prime in k, we have
℘ = (π) for some π ∈ B1. We can write β ≡ 1 + πu mod p for some integer u of k1.
Putting
x = u − uσ and y = (1 + πu)−σ = (1 + πuσ )−1 ,
we observe that
α = β1−σ ≡ (1 + πu)(1 + πuσ )−1 ≡ 1 + πxy mod p . (7)
We have
αp−1 ≡ 1 + (p − 1)πxy + · · · + (p − 1)(πxy)p−2 + (πxy)p−1
modulo p. Since y ≡ 1 mod ℘ and ℘p = (p),
1 + (πxy)p−1 ≡ 1 + (πx)p−1 mod p .
As xσ = −x, xp−1 is invariant under the action of σ . Therefore, 1+(πx)p−1 is an element
of B1, and hence, 1 + (πx)p−1 ≡ δ mod p for some unit δ ∈ EB1 by Lemma 4. Further,
as δ ≡ 1 mod πp−1, we have δ−1πi ≡ πi mod p for i ≥ 1. Therefore, it follows that
δ−1αp−1 is congruent to
1 + (p − 1)πxy + · · · + p−1Ci(πxy)i + · · · + (p − 1)(πxy)p−2
modulo p. Here, ∗C∗∗ denotes the binomial coefficient. From this and (7), we see that
1 + α + α2 + · · · + αp−2 + δ−1αp−1 ≡
p−2∑
i=0
p−1∑
j=i
jCi(πxy)
i mod p .
For 1 ≤ i ≤ p − 2, we see that
p−1∑
j=i
jCi = 1
i!
p−1∑
j=1
j (j − 1) · · · (j − (i − 1)) ≡ 0 mod p
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since j (j − 1) · · · (j − (i − 1)) is a polynomial in j of degree i ≤ p − 2 without constant
term and
p−1∑
j=1
ja ≡ 0 mod p
for any integer a with 1 ≤ a ≤ p − 2. Further, it is clear that
p−1∑
j=0
jC0 = p .
Therefore, we obtain
1 + α + α2 + · · · + αp−2 + δ−1αp−1 ≡ 0 mod p . (8)
For an integer λ with 0 ≤ λ ≤ p2 − 1, we put δλ = δ−1 when λ ≡ p − 1 mod p, and
δλ = 1 otherwise. Then, from (6) and (8), we see that
p2−1∑
λ=0
δλα
λ ≡ 0 mod p2 .
Therefore, the cyclic extension L/K1 has a NIB by Lemma 1. 
Proof of Theorem 2. For simplicity, we write χ = ωi0 and χ∗ = ωj0 = ωχ−1. Let
L/F1 be as in Theorem 2. By Lemma 3, we have L = F1(1/p2) for some unit  of F1 with
[] ∈ (EF1/p2)(χ). Let P = (ζp2 − 1) be the unique prime ideal of F1 over p, and U the
group of principal units of the completion of F1 at P. Replacing  with p−1 if necessary,
we may as well assume that  ≡ 1 modP. As P is principal, P splits completely in L.
Hence,  = αp2 for some α ∈ U . As [] ∈ (EF1/p2)(χ), we may as well assume that
α ∈ U(χ). By Coleman [2, Theorem 4], any element of U(χ) is congruent to 1 modulo
Pi0 . (See also, [7, Lemma 3].) In particular, we have
α ≡ 1 modPi0 and αp ≡ 1 modPpi0 . (9)
Noting that
ordP(α − ζ ) = ordP((α − 1) + (1 − ζ )) ≥ i0
for each p-th root ζ of unity, we observe that
p−1∑
j=0
αj =
∏
ζ
′
(α − ζ ) ≡ 0 modP(p−1)i0 . (10)
Here, in the product
∏′
, ζ runs over the primitive p-th roots of unity. Let ξ be a fixed
primitive p-th root of unity. We see that
p−1∑
j=0
ξ−j αpj = ξ1−p
∏
ζ
′
(αp − ζ ξ) = ξ1−p(αp − 1)
∏
ζ
′′
(αp − ζ ) ,
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where in the second product
∏′′
, ζ runs over the primitive p-th root of unity with ζ = ξ .
From (9) andPp = (1 − ζ ), it follows that
ordP(αp − 1) ≥ pi0
and
ordP(αp − ζ ) = ordP((αp − 1) + (1 − ζ )) = p .
Thus, we obtain
ordP


p−1∑
j=0
ξ−j αpj

 ≥ pi0 + (p − 2)p . (11)
For an integer λ with 0 ≤ λ ≤ p2 − 1, let aλ be the largest integer ≤ λ/p. Then it follows
that
X :=
p2−1∑
λ=0
ξ−aλαλ =
p−1∑
j=0
αj ×
p−1∑
j=0
ξ−jαpj .
By (10) and (11), we see that
ordP(X) ≥ (p − 1)i0 + pi0 + (p − 2)p ≥ 2(p2 − p) = ordP(p2) ,
where the second inequality holds by the assumption i0 ≥ p2/(2p − 1). Therefore, we
obtain X ≡ 0 mod p2. Now, by Lemma 1, the cyclic extension L/F1 has a NIB. 
References
[ 1 ] L. N. Childs, The group of unramified Kummer extensions of prime degree, Proc. London Math. Soc., 35
(1977), 407–422.
[ 2 ] R. Coleman, Local units modulo circular units, Proc. Amer. Math. Soc., 89 (1983), 1–7.
[ 3 ] I. Del Corso and L. P. Rossi, Normal integral bases of cyclic Kummer extensions, J. Pure Appl. Algebra,
214 (2010), 385–391.
[ 4 ] E. J. Gómez Ayala, Bases normales d’entiers dans les extensions de Kummer de degré premier, J. Théor.
Nombres Bordeaux, 6 (1994), 95–116.
[ 5 ] C. Greither, Cyclic Galois Extensions of Commutative Rings, Springer, Berlin, 1992.
[ 6 ] H. Ichimura, On p-adic L-functions and normal bases of rings of integers, J. Reine Angew. Math., 462
(1995), 169–184.
[ 7 ] H. Ichimura, On some congruences for units of local p-cyclotomic fields, Abh. Math. Sem. Univ. Ham-
burg, 66 (1996), 273–279.
[ 8 ] H. Ichimura, On a normal integral basis problem over cyclotomic Zp-extensions, II, J. Number Theory,
96 (2002), 105–132.
[ 9 ] H. Ichimura, On the ring of integers of a tame Kummer extension over a number field, J. Pure Appl.
Algebra, 187 (2004), 169–182.
[ 10 ] H. Sumida, Greenberg’s conjecture and the Iwasawa polynomial, J. Math. Soc. Japan, 49 (1997), 689–
711.
[ 11 ] L. C. Washington, Introduction to Cyclotomic Fields (2nd ed.), Springer, New York, 1997.
50 H. ICHIMURA
Humio ICHIMURA
Faculty of Science
Ibaraki University
Bunkyo 2–1–1, Mito,
Ibaraki 310–8512, Japan
e-mail: hichimur@mx.ibaraki.ac.jp
